Abstract. Let Pn be the graded polynomial algebra F 2 [x 1 , x 2 , . . . , xn] with the degree of each generator x i being 1, where F 2 denote the prime field of two elements.
Introduction
Denote by P n := F 2 [x 1 , x 2 , . . . , x n ] the polynomial algebra over the field of two elements, F 2 , in n generators x 1 , x 2 , . . . , x n , each of degree 1. This algebra arises as the cohomology with coefficients in F 2 of a classifying space of an elementary abelian 2-group of rank n. Therefore, P n is a module over the mod-2 Steenrod algebra, A. The action of A on P n is determined by the elementary properties of the Steenrod squares Sq i and subject to the Cartan formula Sq k (f g) = k i=0 Sq i (f )Sq k−i (g), for f, g ∈ P n (see Steenrod and Epstein [25] ).
A polynomial g in P n is called hit if it belongs to A + P n , where A + is the augmentation ideal of A. That means g can be written as a finite sum g = j>0 Sq j (g j ) for suitable polynomials g j ∈ P n .
We study the Peterson hit problem of determining a minimal set of generators for the polynomial algebra P n as a module over the Steenrod algebra. Equivalently, we want to find a vector space basis for the quotient
This paper is organized as follows. In Section 2, we recall some needed information on the weight vectors of monomials, the admissible monomials in P n and Singer's criterion on the hit monomials. In Sections 3, we present a construction for the A-generators of P n and some properties of it. A basis of QP 5 in the degree d = 15.2 s − 5 will be explicitly determined in Section 4. In Section 5, we show that Singer's conjecture for the fifth algebraic transfer is true in the internal degree d by computing the space (QP 5 )
GL5 d
. Finally, in Section 6 we list all admissible monomials of the degree d in P 5 .
Preliminaries
In this section, we recall some needed information from Kameko [11] and Singer [24] on the weight vector of a monomial, the admissible monomials and Kameko's homomorphism.
The weight vector of a monomial.
Notation 2.1.1. We denote N n = {1, 2, . . . , n}, J = {j 1 , j 2 , . . . , j t } ⊂ N n and X J = X {j1,j2,...,jt} = j∈Nn\J x j .
In particular, X Nn = 1, X ∅ = x 1 x 2 . . . x n , X j = x 1 . . .x j . . . x n , 1 j n, and X := X n = x 1 x 2 . . . x n−1 ∈ P n−1 . (3) , 1 (2) ).
Denote by P n (ω) the subspace of P n spanned by all monomials y such that deg y = deg ω, ω(y) ω, and by P − n (ω) the subspace of P n spanned by all monomials y ∈ P n (ω) such that ω(y) < ω. Denote by A + s the subspace of A spanned by all Sq j with 1 j < 2 s .
Definition 2.1.3. Let ω be a sequence of non-negative integers and f, g two polynomials of the same degree in P n . i) f ≡ g if and only if f − g ∈ A + P n .
ii) f ≡ ω g if and only if f − g ∈ A + P n + P − n (ω). iii) f ≃ (s,ω) g if and only if f − g ∈ A + s P n + P − n (ω). Obviously, the relations ≡, ≡ ω and ≃ (s,ω) are equivalence ones. If f ≡ ω g, then f ≃ (s,ω) g for some s 0. If x is a monomial in P n and ω = ω(x), then we denote x ≃ s g if and only if x ≃ (s,ω(x)) g. Proposition 2.1.4 (see [27] ). Let x, y be monomials and let f, g be polynomials in P n such that deg x = deg f , deg y = deg g. Denote by QP n (ω) the quotient of P n (ω) by the equivalence relation ≡ ω . Then, we have
i) If ω i (x) 1 for i > s and x ≃ t f with t s, then xy
We note that the weight vector of a monomial is invariant under the permutation of the generators x i , hence QP n (ω) has an action of the symmetric group Σ n . Furthermore, we have the following. Lemma 2.1.5 (see [29] ). Let ω be a weight vector. Then, QP n (ω) is an GL nmodule.
For a polynomial f ∈ P n , we denote by [f ] the class in QP n represented by f . If ω is a weight vector, then denote by [f ] ω the class by the equivalence relation ≡ ω which is represented by f . Denote by |S| the cardinal of a set S.
It is easy to see that the general linear group GL n is generated by the matrices associated with ρ i , 1 i n, and the symmetric group Σ n is generated by the ones associated with ρ i , 1 i < n. So, a class [f ] ω represented by a homogeneous polynomial f ∈ P n is an GL n -invariant if and only if
The admissible monomial.
Definition 2.2.1 (see Kameko [11] ). Let x, y be monomials of the same degree in P n . We say that x < y if and only if one of the following holds: A monomial x is said to be admissible if it is not inadmissible.
Obviously, the set of all the admissible monomials of degree d in P n is a minimal set of A-generators for P n in degree d. Now, we recall a result of Singer [24] on the hit monomials in P n . [24] 
Definition 2.2.4 (see Singer
The following is a criterion for the hit monomials in P n . Theorem 2.2.6 (See Singer [24] ). Suppose x ∈ P n is a monomial of degree d,
From this theorem we see that if z is the minimal spike of degree
. This result also implies a result of Wood, which originally is a conjecture of Peterson [17] .
Kameko's homomorphism.
One of the main tools in the study of the hit problem is Kameko's homomorphism Sq 0 * : QP n → QP n . This homomorphism is induced by the F 2 -linear map ψ : P n → P n , given by
for any monomial x ∈ P n . Note that ψ is not an A-homomorphism. However, ψSq 2i = Sq i ψ, and ψSq 2i+1 = 0 for any non-negative integer i.
Theorem 2.3.1 (Kameko [11] ). Let m be a positive integer. If µ(2m+n) = n, then
is an isomorphism of the GL n -modules. We end this section by recalling some notations which will be used in the next sections. We set
It is easy to see that P 0 n and P + n are the A-submodules of P n . Furthermore, we have the following. 
A construction for the generators of P n
We denote
Let (i; I) ∈ N n and j ∈ N n . Denote by r = ℓ(I) the length of I, and
Here i 0 = 0 and i r+1 = n + 1. Definition 3.1 (see [27] ). Let (i; I) ∈ N n , r = ℓ(I), and let u be an integer with 1 u r. A monomial x ∈ P n−1 is said to be u-compatible with (i; I) if all of the following hold:
Clearly, a monomial x can be u-compatible with a given (i; I) ∈ N n for at most one value of u. By convention, x is 1-compatible with (i; ∅).
For 1 i n, define the homomorphism f i : P n−1 → P n of algebras by substituting
For a monomial x in P n−1 , we define the monomial φ (i;I) (x) in P n by setting
otherwise.
Then we have an F 2 -linear map φ (i;I) :
It is easy to see that if
Definition 3.3. For any (i; I) ∈ N n , we define the homomorphism p (i;I) : P n → P n−1 of algebras by substituting
Then, p (i;I) is a homomorphism of A-modules. In particular, for I = ∅, p (i;∅) (x i ) = 0 and p (i;I) (f i (y)) = y for any y ∈ P n−1 .
For a subset B ⊂ P n , we denote
It is easy to see that if B is a minimal set of generators for A-module P n−1 in degree n, then Φ 0 (B) is a minimal set of generators for A-module P 0 n in degree n and Φ
The following gives our prediction on the relation between the admissible monomials for the polynomial algebras.
Conjecture 3.4. If ω is a weight vector, then
It is easy to see that if this conjecture is true, then Φ(
From the results of Peterson [17] , Kameko [11] and the present author [27] , we can see that this conjecture is true for n 4. In Section 5, we will show that this conjecture is true for n = 5 and any weight vector ω of the degree d = 15.2 s − 5 for arbitrary non-negative integer s.
We recall some needed results in [27] which will be used later. For a positive integer b, denote
Lemma 3.5 (See [27] ). Let b be a positive integer and let 
We now prove some relations which are the usual tools for studying the hit problem.
Proposition 3.8. For any integer 0 < ℓ n,
Proof. We prove the proposition by induction on ℓ. For ℓ = 1,
Since N 0 = ∅, the proposition is true. Suppose that 1 ℓ < n and the proposition is true for ℓ. Using the Cartan formula, we have
For 1 u ℓ, using the inductive hypothesis and Proposition 2.1.4, we get
According to Lemma 3.5 and Proposition 2.1.4,
From the above equalities, we get
By a direct computation from the above equalities and using the relation (3.1), we have
Combining the above equalities, we get
The proposition follows.
From the proof of this lemma, we obtain the following.
Corollary 3.9. For 2 d n, we have
d−1 u=1 X 2 d −1 u x 2 d u ≃ d n u=d (i;I)∈N d−1 φ (i;I∪u) (X 2 d −1 )x 2 d u .
Proposition 3.10. Let d, h, t, u be integers such that
and let x be a monomial in P n . Then we have
The proposition is proved.
Proposition 3.11. For any integer d n 2,
Computing from the last equalities and using the inductive hypothesis, we obtain
According to Lemma 3.5, there is J ⊂ {j 0 , . . . , j i−1 } ⊂ I t−1 such that
From the above equalities and Proposition 2.1.4, we get
. Hence, J = I t−1 . Since i + 1 n − t + 1, the proposition follows.
The admissible monomials of the degree
By using Theorem 2.2.7 we can show that the hit problem is reduced to the case of the degree of the form d = t(2 s − 1) + 2 s m with t, s, m positive integers such that µ(m) < t n (see [27] ). For t = n, the problem has been studied by Hưng [8] and by Tín and Sum [34] . For t = n = 5, it is explicitly computed by Tín [31, 32, 33] with m = 1, 2, 3 and by the present author [29] with m = 5. These results show that Conjecture 3.4 is true in those cases.
In this section we study this problem for n = t = 5 and m = 10. is an epimorphism, we have (QP 5 ) 25 ∼ = Ker( Sq 0 * ) (5,10) (QP 5 ) 10 . The admissible monomials of the degree 10 in P 5 have been determined by Tín [33] . We have B 5 (10) = {a 10,t : 1 t 280}, where the monomials a 10,t , 1 t 280, are listed in Subsection 6.1. We now compute Ker( Sq 0 * ) (5, 10) . To prove this proposition, we need some lemmas. By a simple computation one gets the two following lemmas. Proof. We prove this lemma for the monomial x = x 
An application to the fifth Singer transfer
In this section, we verify Singer's conjecture for the fifth algebraic tranfer in the internal degree 15. is an isomorphism of GL 5 -modules for every s 1. Hence, we need only to prove Theorem 5.1 for s = 0, 1. We need a notation for the proof of the theorem. For a fixed weight vector ω, for any monomials z 1 , z 2 , . . . , z m in P n (ω) and for a subgroup G ⊂ GL n , we denote G (z 1 , z 2 , . . . , z m ) the G-submodule of QP n (ω) generated by the set {[z i ] ω : 1 i m}.
The case s = 0.
Denote by a t = a 10,t , 1 t 280, the admissible monomials of degree 10 as given in Subsection 6.1. We have
We need some lemmas. 
We prove the following: By an argument analogous to the previous one, we easily obtain the following. 
Proof. We have QP
where
. By a direct computation, we get
From this we get γ 2 = γ 3 = 0. The lemma is proved. 
Outline of the proof. 1 . By computing ρ j (g) + g in terms of a t , 241 t 520 and using the relations ρ j (g) + g ≡ 0, j = 1, 2, 3, 4, one gets The last equality implies that γ j = 0, 1 j 6. The proof is completed.
Appendix
In this section, we list the admissible monomials of degrees 10, 11, 25 in P 5 . 4, 3) ).
Combining this and the fact that B 4 (2, 4) = ∅ we see that Conjecture 3.4 is true for n = 5 and the degree 10. 78. x 115.
116. 131. 136. x 137. x 143. x 215.
216.
217. x 49. x By a simple computation using the results in [26] , we can easily show that B 5 (3, 2, 1) = Φ (B 4 (3, 2, 1) ). Combining this and the fact that B 4 (3, 4) = ∅ we see that Conjecture 3.4 is true for n = 5 and the degree 11. 15 4 188. x 14. 
